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Abstract

This review offers an introduction to Synthetic Differential Geometry
(SDG) aimed to readers without notions of topos theory or more generally
to any reader having a first look at SDG. It includes the basic aspects
and definitions of intuitionistic logic, smooth topos and abstract algebra
with a few heuristic comments on the correlations among these topics.
Implications for physics, as for example the equivalence principle are also
presented.

1 Introduction

The geometric line is the familiar line which is drawn on a plane to connect two
points. In Euclidean geometry this line and its proprieties are described by the
real line R. In SDG the geometric line is represented instead by the so called
number line R which is algebraically and geometrically different from R. SDG is
the differential geometry built over a smooth topos: a mathematical construction
able to incorporate R and which results more general than an ordinary manifold.
A fundamental step in this generalization consists in adopting intuitionistic logic
instead of the classical logic on which ordinary mathematics is based on.

2 On the logic

Classical logic relies on the three fundamental laws of rational thought1. Given
the proposition P they are as follows:

Identity P = P ∀P . The proposition is identical to itself and this must be
true for every P considered in the system. More loosely this implies that P has
one precise meaning such that no ambiguity is possible.

Contradiction ¬(P ∧¬P ). It is not possible to have P and its negation to
both be true at the same time.

Excluded middle P ∨ ¬P . Either P or its negation is true, a third in the
middle option is not possible. This is also stated as ¬(¬P ) = P : the negation
of the negation of P is equivalent to P and not a third option. This allows the
proofs by contradiction: to prove P one starts with its negation ¬P , then reach
the contradiction ¬(¬P ) and therefore P must be true.

∗Email: sfabi@ua.edu
1They were established by Aristotle, here are presented as given by Russell.
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In order for SDG to be consistent, the law of exclude middle must not hold.
SDG does not rely on classical logic but on intuitionistic logic. One of the
feature of intuitionistic logic is to be a constructive logic: no use of the proofs
by contradiction.

3 The number line R

Since the logic is not classical also the analysis on which SDG is based is not the
standard analysis2 but the so called Smooth Infinitesimal Analysis (SIA)[1],[2].
Its origin dates back to the beginning of the seventeenth century focusing on
the infinitesimal quantities d which are infinitesimally small but have different
proprieties respect to the infinitesimals δ, ε of standard analysis used for many
definitions. It was only in the sixties that, thanks to category theory, the in-
finitesimals d and the intuitionistic logic were incorporated in the mathematical
framework of SIA. The infinitesimals d of SIA require a modification of the real
line R of standard analysis which is now replaced by the number line R. The
motivation of introducing the number line R is to allow the nontrivial subset
D ⊂ R[3]

D = {d ∈ R : d2 = 0}

where the value of d ∈ D is not necessarily zero. In the case of the real line R
instead x2 = 0⇔ x = 0 and clearly D = {0}.

3.1 The infinitesimal elements

As in the case of the real line R, for the number line R is also true that [4]:

∀x ∈ R : x 6= 0⇒ ∃ x−1

Using the law of contrapositive: if P ⇒ Q then ¬Q ⇒ ¬P , it is possible to
reverse the implication arrow ⇒ by using the negation of the propositions

∀x ∈ R : @ x−1 ⇒ ¬(x 6= 0).

Since the law of excluded middle must not hold, when x : ¬(x 6= 0) this does not
imply necessarily x = 0. The infinitesimals d ∈ D have precisely this propriety
d : ¬(d 6= 0) which reads as:

“It is not true that d 6= 0”

and therefore it is not true that d−1 exists. If the law of excluded middle
were to hold then either d = 0 or d 6= 0 and so when d is not zero, this would
imply, as the only other option, that d 6= 0 from which d−1 would exist. But if
d−1 exists then d−1d2 = d = 0⇒ D = {0}.
Because of the nontrivial subset D ⊂ R, the number line R does not satisfy the
conditions to be a field (see Appendix A). It does satisfy the conditions of a
ring.

3.2 The algebraic structure of R

The characteristic of a ring is the integer n, which is the number of times the
multiplicative identity 1 has to be add to itself to obtain the additive identity 0,
that is n : 1+1+1+ ... = n1 = 0. For example the characteristic of Z3 is 3 since
1 + 1 + 1 = 0 or more generally the characteristic of Zn is n. The characteristic

2the analysis formalized by Cauchy and Weierstrass.
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of the real line R is zero. Since R is taken as a ring, the notion of division as
1/x is not necessarily defined for all its elements as for the case of the d which
do not have multiplicative inverses. In order to prove some of the theorems it
must be possible to divided the d by 2, 3... and so it’s required that the inverses
of 2, 3, ... exist in order to define the elements d/2, d/3.... For this reason the
number line R is assumed to have characteristic zero: n1 = 0 ↔ n = 0. This
implies that for n 6= 0 → n1 = 1, 2, 3... 6= 0 and therefore the integers have
a inverse which multiplies the elements d. From this it follows that for R to
contain d/2, d/3... R has to be taken as an algebra over the rational numbers
Q3. In particular R is a unital, associative and commutative algebra where the
elements of R are interpreted as vectors and their multiplication is provided by
the algebra composition 2.

Nevertheless most of the literature refers to R simply as a ring while a few
authors still refer to R as a field (with some comments provided). The reader is
therefore warned about finding in the literature that R is a ring, or an algebra
[5] or a field [1].

3.3 The Axioms

Four axioms define the number line [6].

1. The number line R is a ring.

2. The existence of a non trivialD is guaranteed by the Kock-Lawvere axiom4

∀f : D → R,∀d ∈ D ∃! b ∈ R : f(d) = f(0) + db

The equation provides the tangent line to the function f at d = 0 such
that D is small enough for this approximation to hold and also D is big
enough for the tangent line to be unique. If D were to be only a point
D = {0} then any straight line would be a valid tangent line but this
would contradict the uniqueness of b.

3. There exist a preorder on the elements of R. Given the binary relation ≤
on R then ∀a, b, c ∈ R

a ≤ a reflexivity

a ≤ b ∧ b ≤ c⇒ a ≤ c transitivity

For the d is true that
0 ≤ d ∧ d ≤ 0

which means that given any two d is not possible to establish which one is
greater or if they are greater or smaller than zero. Therefore the condition
of antisymmetry

a ≤ b ∧ b ≤ a⇒ a = b antisymmetry

must not hold5 since it would imply D = {0}.

4. ∀x > 0 ∃! y > 0 : y2 = x.

3An alternative way to state this is that the ring R has Q as subring.
4also referred as the Principle of Microaffineness.
5if antisymmetry holds the order is called a partial order. If moreover the condition of

comparability holds: ∀a, b either a ≤ b or b ≤ a, then the order is total, as for the case of R.
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3.4 A few examples and proprieties

The two dimensional synthetic plane is R × R and has geometrical proprieties
different from Euclidean geometry [4].

Example Given two points on the synthetic plane, the line passing through
them is not uniquely determined. This follows from the fact that if the coordi-
nates of a point are (x, y) then the point (x+ d, y+ d) is indistinguishable from
(x, y) [7].

Example The unit circle with center at the point (0, 1) is

x2 + (y − 1)2 = 1

The intersection with the x−axis can be found by setting y = 0. The solu-
tion is any x2 = 0, i. e. D: the x−axis is tangent to the circle over the set D
and not just at the origin as in the case of Euclidean geometry.

Proprieties Given d ∈ D
∀d1,∀d2 ⇒ d1d2 ∈ D.
∀x ∈ R−D,∀d⇒ xd ∈ D.
(d1 + d2) ∈ D ⇔ d1d2 = 0. D is not an ideal of R.
Since ∀d : d2 = d · d = d · 0 = 0 it must be not possible to cancel out the
d from a given expression as d10 = d1d1 else D = {0}. This implies that if
one reads for example xd1 = 8d1 this not necessarily means x = 8. However if
xd = 8d ∀d⇒ x = 8.

Derivative In SDG there is no notion of limit, the concept of derivative is
obtained from the Kock-Lawvere axiom

f(a+ d) = f(a) + db ∀a ∈ R
and by analogy with Taylor expansion in R

f(x+ δx) = f(x) + δxf ′(x) + ...

with a, d corresponding to x, δx, the derivative f ′(x) is given by b. Moreover
since b is assumed to exist and being unique

Propriety All functions f(x) : R→ R in SDG are C∞(R).

4 Category

The development and studying of SDG takes place at the fundamental level
within the framework of category theory. Specifically the category smooth topos
S is the arena to do differential geometry in the synthetic sense since it accom-
modates for R and the intuitionist logic. In the spirit of an heuristic approach,
the concept of smooth topos is introduced as a generalization of a manifold. A
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manifold M is a topological space plus the condition of being locally homeo-
morphic to R. A topological space is a set X plus a topology T 6. A smooth
topos is a particular category which generalizes the notion of a manifold as it
generalizes the concept of set [8].

A category C is given by

C0 = {A1, A2, A3, ...}
C1 = {f, g, h, ...}

where C0 is a collection7 of objects and C1 is collection of morphisms8. There
are also two maps α, β : C0 → C0 which specify the domain and codomain in
C0 of the morphisms. A bilinear composition of morphisms h = f ◦ g is defined
only if β(f) = α(g) such that α(h) = α(g) and β(h) = β(g). This composition
is associative and unital. The objects in C0 are very general quantities, they
can be for example vector spaces as well as names of flowers, in other words
no mathematical structure is required among them. Category theory focus on
developing the different kinds and proprieties of the relationships between the
objects, with the intent of defining them in terms of their relations. From this
prospective, in category theory, the semantic is pure relational.

4.1 Topos

Given a category C, the category topos9 is obtained by requiring [9]

1. The global element. If an object Ai ∈ C0 is a set X there is the natural
notion of the elements x ∈ X (also referred as members of X). Graphically
the set can be represented as a container and its elements as unique points
in it. But in the general case there is no notion of elements of a given object
A1 ∈ C0, and its elements must be defined as morphisms. An object ∈ C0
is called a terminal object AT if

∀Ai ∈ C0 ∃! ti ∈ C1 : Ai
ti−→ AT

If AT exists is unique up to isomorphisms. The elements of A1 are given by
the morphisms from AT to A1, specifically two distinct elements (x, y) ∈
A1 correspond to the two distinct morphisms mx,my : AT → A1

Ai AT A1
//ti //mx

//
my

For a general category AT does not need to exist, if it does then the
elements of its objects are defined and called global elements.

Example Take C0 = {Gi} the collection of all groups Gi. In this case AT
is the trivial group {e}, each ti maps a group Gi to its subgroup {e}.
Two elements gx, gy of a given group G1 are obtained by defining the

6A topology T is a collection of arbitrary subset Ui of X such

1. ∅, X ⊂ T

2.
⋃

Ui ⊂ T ∀i
3.

⋂
Ui ⊂ T ∀i finite

7if the objects Ai ∈ C0 are sets, the collection is called a class.
8the maps f, g, .. ∈ C1 are referred to as morphisms even if there is not necessarily a

mathematical structure to be preserved. They are also called arrows
9from ancient Greek the word topos means place, location. The plural is topoi even if some

authors use toposes.
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pair of morphisms mx,my such that α(mx) = α(my) = {e} = AT and
β(mx) = β(my) ∈ G1.

Notice how the group elements gx, gy ∈ G1 are defined in term of the
morphisms mx,my ∈ C1.

2. The cartesian product. If a category has to resemble the notion of a ge-
ometric space extended in a number of dimensions, the cartesian product
between any two objects must exist. Formally this is archived by defin-
ing an ordered pair and the universal propriety10 of the product. Given
A1, A2 ∈ C0 their cartesian product is the object A1 × A2 with the ad-
ditional projections π1 : A1 × A2 → A1 and π2 : A1 × A2 → A2. The
universal propriety of the product is given by requiring

∀f : AT → A1,∀g : AT → A2 ∃! f ◦ g : AT → A1 ×A2

AT

A1 A1 ×A2 A2

��

f

��

g

oo
π1

//
π2

f◦g

��

In simple terms A1 ×A2 is the product object since it satisfies the above
universal propriety. Notice how the notion of the product is expressed in
terms of morphisms and their proprieties with no reference to the elements
of the objects.

Example Take C0 = {Xi} the collection of all sets Xi. Choose X1 =
{1, 2, 3} and X2 = {a, b}, then X1 × X2 = {1a, 1b, 2a, ..} with the cor-
responding projections π1 = which number, π2 = which letter. Now
consider a new set X3 = {students in a classroom} with the maps f =
pick a number, g = pick a letter then f ◦ g exists and is uniquely defined
as one student who picks a letter and a number from X1 × X2. In the
case of a smooth topos X3 = AT which contains one element (AT = is a
‘one-point space’ [1]) .

3. The equalizer. It must be possible to solve equations as for example
finding the locations where the Riemann tensor vanishes. In the language
of category this corresponds to the existence of the object equalizer E ∈ C0
such that, given A1, A2

∀f, g : A1 → A2 ∃! p : f ◦ p = g ◦ p

where p is the inclusion morphism E → A1. The equalizer satisfies the
following universal propriety: for every object X ∈ C0 given the two mor-
phisms q : X → A1, and e : X → E

∀q : f ◦ q = g ◦ q ∃! e : q = p ◦ e

X

E A1 A2

��

e

//
p

//f
//

g

��

q

10A particular object ∈ C0 can be defined by the use of a universal propriety, i.e. by
specifying some of the morphisms ∈ C1 and their proprieties (for example in the form of
a commutative diagram). The distinguished feature of the universal propriety is that two
objects satisfying the same universal propriety are isomorphic.
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Example Take C0 = {Xi} the collection of set Xi where X1 is the x−axis
with elements x (the domain) and X2 is the y−axis with elements y = f(x)
(the range). In this case, given the two functions f(x), g(x), the equalizer
is the set E = {x : f(x) = g(x)} which for g(x) = 0 provides the roots of
f(x).
Notice how the notion of solving the equation f(x) = 0 is expressed in
terms morphisms and their proprieties.

If a category satisfies these first three proprieties, the category is said to have
finite limits.

4. The power object. The last requirement for a category to be a topos is
a definition of the subobjects. In the case of C0 = {Xi} the subobjects
correspond to the subsets. To define a subobject, first the notion of expo-
nential object is required. The exponential object provides the notion
of functions between objects, then the subobjects are defined by the use of
these functions. Specifically, working with C0 = {Xi} and notation-wise
choosing X1 = X,X2 = Y the exponential object is the set of functions
f from the elements x ∈ X to the elements y ∈ Y . It is written as
Y X = {∀f : X → Y } and it is the corresponding (and more general)
notion in category theory of the functions space in set theory. The ex-
ponetial object can be defined as well by the an appropriated universal
propriety involving the concept of the evaluation morphism which will not
be presented in this introduction [9].

The power object is a particular exponential object. For a set X the power
object corresponds to the power set P (X) i.e. the set containing all the
subsets of X. If the number of elements |X| of X is finite, the number
of elements of P (X) is |P (X)| = 2|X| (hence the name power set). P (X)
is an exponential object where the base of the exponential is the set with
two elements: P (X) = 2X = {∀f : X → 2}.
Given the set of truth values TV = {true, false} and TV X = {∀f : X →
TV } there exist an isomorphism between 2X and TV X : P (X) ∼= TV X .
This isomorphism is used to specify the subsets.

Example The way TV X provides the functions X → TV is by labelling
the elements of P (X) ⊂ X into three binary numbers

TV = {1, 0}
X = {a, b, c}

P (X) = {ø, a, b, c, ab, ac, cb, abc}

with the functions

f000 : {a, b, c} → (0, 0, 0) ∼= Ø

f100 : {a, b, c} → (1, 0, 0) ∼= {a}
f101 : {a, b, c} → (1, 0, 1) ∼= {a, c}
. . .

f111 : {a, b, c} → (1, 1, 1) ∼= {a, b, c}

There are eight of these functions, one for each subset of X, and therefore
the subsets are defined. To be consistent with the definition of a global
element, an element of Y X must be a morphism AT → Y X while the
functions f considered are instead maps X → Y . However it can be
shown there exists an isomorphism between these functions f and the
morphisms AT → Y X .
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In the context of topos theory TV generalizes to the so called subobject
classifier Ω which is more general than TV since it does not need to
contains necessarily only the two elements {true, false}.

Using category theory it might appears at first that unnecessary complicated
mathematical constructions have been introduced to defined the (relatively easy
and) familiar concepts of set theory as elements, subsets and products of sets.
One of the key idea is that once these constructions are defined, by using only
specific objects and morphisms, then several generalizations become possible,
each providing a different kind of topoi.

4.2 The smooth topos S
Formally the construction of S requires more advanced notions (functors, co-
ordinate rings, subcategories, sheafs, etc..) and it is achieved with a series of
embeddings starting from the category of smooth manifolds Man11 into S [12].
What this overall embedding M ↪→ S does is to incorporate D and to allow
intuitionistic logic while preserving the basic proprieties of a manifold as for
example the assignment of a differential structure.

4.2.1 Linelets

Because of D the elements of the number line R graphically cannot be inter-
preted as isolated points in a container. The elements of R are infinitesimal
line-elements called linelets or microsegments12. Linelets are global elements of
the smooth topos S of SDG. An example of a linelet is D as it does not contain
only one point. Linelets can be translated and rotated so

∀x ∈ R ∃ Dx = D + Tx

Where + Tx means all the elements ∈ D are translated by x into Dx. This
way R is seen as a continuum of linelets instead of points, a continuum which
appears to be more genuine than the continuum provided by the points of real
line R. The real line has instead a punctate nature and it is a open debate
whether a continuum can actually be archived by a collection of units [2],[7].

4.2.2 Intuitionistic logic

In order to allowed for a non trivial D, the logic of SDG requires a modifica-
tion of the set of truth values TV of classical logic. Given the proposition P =
“ this number is always zero ” the truth table for the elements 0 and x 6= 0 ∈ R is

P ¬P
0 T F
x F T

In classical logic there are the options T, F and ¬T = F,¬F = T from which
TV contains only two elements.

In the case of intuitionist logic the truth table for the elements 0, d ∈ D and
x ∈ R−D is

11the objects of Man are smooth manifolds and its morphisms are given by the smooth
maps among them. Man is not a topos.

12or area-elements depending on the number of dimensions.
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P ¬P
0 T F
d F F
x F T

The d can assume the value zero but the statement “d is always zero” is a false
statement. In intuitionist logic there are the options T, F and while ¬T = F , the
negation of a false statement ¬F is not necessarily T since the law of excluded
middle does not hold. The set of truth values of intuitionistic logic TVI does
not even have a finite number of elements13. The elements d are not simply
points in a ‘container’ set, but global elements in a category and as such it is
possible to handle their logical values in TVI .

5 The differential geometry of SDG

Differential geometry begins with the assignment of a differential structure to a
manifold M. Similarly in SDG where a point x ∈ M has coordinates xi on a
local chart Ri = R×R× ...×R.

A tangent vector. In ordinary differential geometry a tangent vectors at x is
obtained be giving a curve c(λ) : R→M, a function f :M→ R and by taking
the derivative df

dλ . In this way it has the graphical interpretation of being an
arrow starting at x which points outside M. Alternatively a tangent vector can
be defined as an equivalent class of curves passing through x which have the
same value of the derivative at x. In a similar way, in SDG a tangent vector
t at a point x is defined as a map t(λ) : D → M such that t(0) = x. From
this definition t has the graphical interpretation of a ‘micro’ arch onM starting
at x. The collection of the tangent vectors t at x satisfies the conditions of a
module over the number line R and as such the tangent space TxM is defined.

In order to define the metric, first it is consideredDk = {d : dk+1 = 0, k ≥ 1}.
Next, two points are said to be k−order neighbour x ∼k y if x − y ∈ Dk. The
set of such pairs of points is indicated as M[k] ⊂M.

A 1-form ω is a map M[1] → R, more specifically ω(x, y) = R. This definition
of 1-form is consistent with the notion of being a map TxM→ R and with the
antisymmetry ω(x, x) = 0.

The metric g is defined as a nondegenerate 2-form onM, i.e. a mapM[2] → R.
Since M[1] ⊂ M[2] if x ∼1 y then g(x, y) = 0 which indicates that a curve
between two 1−order neighbour points has zero length, as for example the
tangent vector t has zero length. In the example M = Rn the metric reads
g(x, y) =

∑n
i (xi − yi)2. As such this definition of metric provides a nonzero

distance for any two points apart from each others in the sense of being at least
x ∼2 y.

Many others concepts of differential geometry as for example vector fields,
Lie brackets, connections, covariant derivatives (and torsion and curvature),
have been constructed and well defined [5],[11].

13Intuitionistic logic has no finite valuation system (Godel 1932).
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6 Motivations for Physics

6.1 The Equivalence Principle

The metric obtained in SDG allows for a revision of how the Equivalence Prin-
ciple of General Relativity (GR) is formulated. As discussed in [12] SDG is
proposed as a better differential geometry to express Einstein’s intuition which
stays at the foundation of GR: namely the equivalence between inertia and
gravitation effects to hold locally, i.e. over a neighbourhood of a point. Using
ordinary differential geometry this equivalence holds only pointwise, specifically
the conditions gµν(x) = ηµν(x) and ∂ρgµν(x) = 0 are satisfied at one point.
Instead in SDG, because of D, the equivalence now holds on the whole neigh-
bourhood of x given by {y ∈M : x ∼1 y}.

6.2 Singularities

The problem of singularities, as they arise in GR, can be tackled with SDG
by specifying the appropriate topos. GR is based on the category Set which
is the category of ordinary mathematics where the objects are sets, the logic
is the classical logic and the geometric line is described by R. In order to
investigate singularities, which arise a very small distance, infinitesimals as D
might serve as a better probe to test physics at such scale. There is more than
one candidate smooth topos for GR, each reveals different aspects (and own
issues) and provides tools for investigation [13]. One of the result is the example
of a spacetime with a conic singularity at x = xS . The topology is R× S3 and
the singularity is located at x0 = 0 where the 3-sphere shrinks to zero radius.
The Riemann tensor obtained from the metric using the ordinary differential
geometry of GR diverges at xS . When the same spacetime is studied in SDG, it
exhibits the distinguishes feature that even if the Riemann tensor increases as
the singularity is approached, then it suddenly drops to an infinitesimal value
just before xS , i. e. the singularity is removed. This is consistent with the
propriety of all functions being C∞(M).

6.3 Quantum Gravity

In a series of four papers [14] a more ambitious and radical project is presented.
The aim is to develop a formalism able to incorporate and related quantum
physics to classical physics. The starting point is the consideration that classical
physics is well accommodated in the category Set and an appropriated smooth
topos might work for GR, but new quantum topoi are necessary to describe,
for example, the quantum fluctuations on infinitesimal scales, quantum gravity
effects and even more fundamentally a quantum logic. The claim is that the
issues related to quantum gravity might be resolved by developing a new non-
classical mathematics, described by some quantum gravity topos.

7 Concluding Remarks

What is the epistemological value of SDG? Here are some comments which
mainly focus on the key and inevitable step of adopting the intuitionistic logic.

A. Kock: “Do there exist numbers d with d2 = 0? Objects do not exist per
se, but only by virtue of context. They are social beings, object, interacting in
a category. There is a trace of this viewpoint in Euclid already: the line only
exists in the context of a plane.”[3]
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A. Doering, C.J. Isham: “one of the main goals of our work is to find new
tools with which to develop theories that are significant extensions of, or devel-
opments from, quantum theory but without being tied a priori to the use of the
real or complex numbers.”[14]

R.P. Kostecki: “First of all, no system of rules can capture all of the rich
and complex world of human thoughts, and thus every logic can merely be used
as a limited-purpose tool rather then as an ultimate oracle, responding to all
possible questions. In addition, the principles of classical logic, although eas-
ily acceptable by our intuition, are not the only possible reasoning principles.”[8]

M.Heller, J. Krol: “When changing from the category of sets to another
topos, one must be ready to switch from classical logic to intuitionistic logic.
This is a radical step, but the logic of the universe is not obliged to conform to
the logic of our brains.”[13] and “Is this too high a price to pay for acquiring a
new method of solving unsolved problems in physics? Without trying, we shall
never know the answer.”[15]

Appendix A Basic notions of abstract algebra

A magma is a set {g1, g2, ..} together with a composition law ◦ such that ∀gi

g1 ◦ g2 = g3 ∈ set closure

A semigroup is a magma such that ∀g

g1 ◦ (g2 ◦ g3) = (g1 ◦ g2) ◦ g3 associativity

A monoid is a semigroup such that ∀g

∃ e : e ◦ g = g ◦ e = g unit element

A group G is a monoid such that ∀g

∃ g−1 : g−1 ◦ g = g ◦ g−1 = e inverse element

A ring14R is set together with two composition laws + and · (addition and
multiplication respectively) such that the set is group under addition and is
a monoid under multiplication15. The composition + is abelian while · is not
required to be abelian and · is distributive with respect to +.

Example: The set of integers Z is a ring. The number 0 is the identity under
addition and the number 1 is the identity under multiplication. There is no
notion of inverse element with respect to the multiplication.

A field K is a set together with two composition laws + and · (addition and
multiplication respectively) such the set is an abelian group under + and is an
abelian group under · for all the nonzero elements, and · is distributive with
respect to +.

Example: The set of rational numbers Q is a field. Others fields are the set
of real numbers R and the set of complex numbers C.

A linear vector space V over a field K consists of two sets:
1 - a field K

14in this appendix R is the name of a generic ring and not necessarily the number line.
15Some authors define a ring as a set where the multiplication is a semigroup. In this case,

if the identity element exists the ring is called a unital ring.
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2 - an abelian group V with elements u, v... called vectors and a composition
law16 +: V × V → V such that ∀α, β ∈ K and ∀u, v ∈ V ∃ a map K · V → V
called the scalar multiplication such that

α · (β · u) = (α · β) · u associativity

α · (u+ v) = α · u+ α · v bilinearity

(α+ β) · u = α · u+ β · u

The unit element with respect to + in V is called the zero-vector.
Example: The set of arrows pointing in a direction ~v satisfy the conditions

above and therefore are called vectors.
In the abstract sense, any element of a set which satisfies the conditions of a
linear vector space is a vector: ordinary functions are vectors, matrices are vec-
tors as well as tensors and linear connections.

A R-module satisfies the same conditions of a vector space but instead of being
over a field K it is over a ring R.

An algebra is a vector space together with a composition law 2 which is a
magma. Additional proprieties satisfied by 2 give different kinds of algebra.
If

∀u ∃ e ∈ V : e2u = u2e = u unital algebra

and e is called the unit of A which in general is different from the zero-vector.
If

u2(v2w) = (u2v)2w associative algebra

If
u2v = v2u commutative algebra

Example V = set of functions f :M→ R, K = R and 2 = ordinary multi-
plication of functions, e = f(x) = 1. All of the above proprieties are satisfied.

Example V = set of the matrices A, K = R and 2 = matrix multiplication,
e = 1. The algebra is unital and associative but not commutative.

Example Lie Algebra. V = Rn, K = R or C and 2 = [ , ] the Lie Bracket
which satisfies:

[u, v] = −[v, u] anticommutativity

[αu+ βv,w] = α[u, v] + β[v, w] bilinearity

[u, [v, w]] + [v, [w, u]] + [w, [u, v]] = 0 Jacoby

Lie algebra are not unital, not associative and not cummutative.

Example V = R3, K = R, 2 = the cross product of ordinary vectors ~v. It’s
a Lie algebra since the cross product satisfies the conditions of the Lie bracket.
With ei a basis of V 3, the cross product reads ei × ej = εijkek where εijk is
the Levi-Civita symbol and so it’s the algebra SO(3). There is no unit since
@ e : ~v × e = ~v.

Example Poisson algebra. V = set of smooth functions f ∈ C∞(M), K = R
or C and with two 2 compositions. The first 2 = ordinary multiplication of

16this composition law + in V is indicated with the same symbol of the composition in the
field K. These two compositions are distinct.
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functions, which makes the Poisson algebra commutative and associative. The
second 2 = Poisson bracket which is a Lie Bracket satisfying the additional
condition:

[u, vw] = [u, v]w + v[u,w] Leibniz.
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